Beam dump experiments have been used to search for new particles, φ, with null results interpreted in terms of limits on masses m φ and coupling constants . However these limits have been obtained by using approximations [including the Weizsäcker-Williams (WW) approximation] or Monte-Carlo simulations. We display methods to obtain the cross section and the resulting particle production rates without using approximations on the phase space integral or Monte-Carlo simulations. In our previous work we examined the case of the new scalar boson production; in this paper we explore all possible new spin-0 and spin-1 particles. We show that the approximations cannot be used to obtain accurate values of cross sections. The corresponding exclusion plots differ by substantial amounts when seen on a linear scale. Furthermore, a new region (m φ < 2m e ) of parameter space can be explored without using one of the common approximations, m φ m e . We derive new expressions for the three photon decays of dark photon and four photon decays of new axial-vector bosons. As a result, the production cross section and exclusion region of different low mass (m φ < 2m e ) bosons are very different. Moreover, our method can be used as a consistency check for Monte-Carlo simulations. *
I. INTRODUCTION
In our previous work [1] , as an example, we used the beam dump experiment E137 [2] and the production of a new scalar boson to demonstrate our technique for analyzing of beam dump experiments. In this paper, we further include all possible new spin-0 and spin-1 particles, which we denote φ; they are pseudoscalar, vector, and axial-vector bosons.
Beam dump experiments have been aimed at searching for new particles, such as dark photons and axions (see, e.g. [3] and references therein) that decay to lepton pairs and/or photons. Electron beam dumps in particular have received a large amount of theoretical attention in recent years [4, 5] . The typical setup of an electron beam dump experiment is to dump an electron beam into a target, in which the electrons are stopped. The new particles produced by the bremsstrahlung-like process pass through a shield region and decay.
These new particles can be detected by their decay products, electron and/or photon pairs, measured by the detector downstream of the decay region. Previous earlier work simplified the necessary phase space integral by using the Weizsäcker-Williams (WW) approximation [6, 7] which, also known as method of virtual quanta, is a semiclassical approximation. The idea is that the electromagnetic field generated by a fast moving charged particle is nearly transverse which is like a plane wave and can be approximated by real photon. The use of the WW approximation in bremsstrahlung processes was developed in Refs. [8, 9] and applied to beam dump experiments in Refs. [4, 10] . The WW approximation simplifies evaluation of the integral over phase space and approximates the 2 particle to 3 particle (2 to 3) cross section in terms of a 2 particle to 2 particle (2 to 2) cross section. For the WW approximation to work in a beam dump experiment, it needs the incoming beam energy to be much greater than the mass of the new particle, m φ , and electron mass m e .
The previous work [4] used the following three approximations: The combination of the first two approximations has been denoted [8] the improved WW (IWW) approximation. The name "improved WW" might be somewhat misleading since the procedure reduces the computational time but does not improve accuracy). In this paper, we will focus on examining the validity of WW and IWW approximations for the production of axions, dark photons and new axial-vector bosons. The third approximation used to simplify the calculation of amplitude, however, is not in our scope because it is merely a special case by cutting off our results when m φ 2m e . Nevertheless, we should point out that without using the third approximation we can use beam dump experiments to explore a larger parameter space.
The outline of this paper is as follows. In Sec. II, we setup the dynamics, and then calculate the decay width of new particles and the squared amplitude for 2 to 3 and 2 to 2 processes. In Sec. III, we show the 2 to 3 cross sections in the lab frame without any approximation on phase space and WW approximation is discussed. In Sec. IV, we derive and compare the cross sections with and without approximations. In Sec. V, we discuss the number of new particles produced in beam dump experiments. In Sec. VI, we compare the exclusion plots for different bosons with and without approximations. A discussion is presented in Sec. VII.
II. DYNAMICS
For simplicity, we assume that there is only one new boson φ, which only couples to electron by a Yukawa interaction, i.e. the boson does not couple to other standard model fermions other than electron. The Lagrangian contains either one of the following interac-
where the subscripts P , V , and A correspond to pseudoscalar, vector, and axial-vector, respectively; = g/e, g is the coupling of the new boson, and e is the electric charge; ψ is the electron field;
we choose the convention that there is an extra i in L P , such that P can be a non-negative number.
If m φ > 2m e , the dominant new boson decay is to electron pairs
. For spin-1 particles, however, the two photon decay channel is forbidden by Landau-Yang theorem [11] [12] [13] . Therefore, the dominant decay channel of the vector boson is 3 photon decay
where S is the symmetry factor accounting for identical particles in the final state and in this case S = 3!; E 1 and E 2 are energy of γ 1 and γ 2 , respectively; M is the amplitude containing 6 diagrams. We express the decay rate in term of 
The leading term of this result agrees with [14] , which used effective field theory.
For axial-vector, the 3 photon decay channel is further forbidden by the charge conjugation symmetry (similar with the argument of Furry's theorem). Thus the dominant decay channel of the axial-vector boson is 4 photon decay. There are 24 diagrams and the 4 body phase space integral of the decay rate is done in Refs. [15, 16] . We express the result in term of 
Lowest order 2 to 3 production process:
and φ stand for the target atom, photon, electron, and the new boson.
A. 2 to 3 production
The leading production process is the bremsstrahlung-like radiation of the new particle from the electron, shown in Fig. 1 ,
where e, A, and φ stand for electron, target atom, and the new particle, respectively. We define the following quantities using the mostly-plus metric
For definiteness, we assume the atom is a scalar boson (its spin is not consequential here) so that the Feynman rule for the photon-atom vertex is
where F (q 2 ) is the form factor which accounts for the nuclear form factor [17] and the atomic form factor [18] . Here, we only include the elastic form factor since the contribution of the inelastic one is much smaller and can be neglected in computing the cross section. The amplitude of the process in Fig. 1 using the mostly-plus metric is
where P , V , and A stand for pseudo-scalar, vector, and axial-vector, respectively; u p,s is the electron spinor and s = ±1;˜ is the polarization of the new spin-1 particle and λ = 0, ±1.
The polarization sum for the new massive spin-1 particle is
After averaging and summing over initial and final spins, we have
where
B. 2 to 2 production
For the 2 to 2 process in Fig. 2 , a "subprocess" of the full 2 to 3 interaction,
Lowest order 2 to 2 production process: e(p) + γ(q) → e(p ) + φ(k). γ, e, and φ stand for photon, electron, and the new boson.
With the same definition in Eq. (8),s,ũ, and t 2 satisfỹ
and the amplitude in Fig. 2 is
where is the photon polarization vector and λ = ±1. The polarization sum for photon is
After averaging and summing over the initial and final spins and polarization,
where 
III. CROSS SECTION AND WEIZSÄCKER-WILLIAMS APPROXIMATION A. 2 to 3 cross section
The cross section for the 2 to 3 process in the lab frame, see Fig. 1 and Ref. [1] for more detail, is given by
where x ≡ E k /E; M is the mass of the target atom; φ q is azimuthal angles of q in the
, and
B. Weizsäcker-Williams approximation
It is explained in Ref. [8] that the WW approximation relies on the incoming electron energy being much greater than m φ and m e , such that the final state electron and the new boson are highly collinear. using WW approximation, the phase space integral can be approximated by
Following the discussion in Refs. [1, 4, 10] , near t = t min (when q and V = k − p are collinear), we can approximate the following quantities
Using the above approximations to evaluated A 22 at t = t min , we have
IV. CROSS SECTION COMPARISON
To test approximations of the cross section for φ production, we examine three cases.
1. The complete calculation, Eq. (21),
where θ max depends on the configuration of the detector. For beam dump E137,
2. WW: using the WW approximation, Eq. (23),
where θ max is the same as the first case and χ = tmax t min dt t−t min t 2 F (t) 2 . Note that the upper and lower limits of χ depend on x and θ.
3. Improved WW (IWW): If the upper and lower limits of the t-integral in χ in Eq. (27) are not sensitive to x and θ; i.e., the integration limit can be set to be independent of x and θ, we can further approximate the integration limits of t. Similar to the argument in Ref. [4] , we set
which is valid when the production cross section is dominantly collinear with x close to 1. The difference in t max between [4] and our approach is because we do not assume m φ m e . Therefore, we can pull χ out of the integral over cos θ. Then, changing variables from cos θ toũ and extending the lower limit ofũ to −∞, using Eq. (25) we have
We emphasize that the name "improved" means reducing the computational time (because of one fewer integral than in the WW approximation above) and does not imply more accuracy. 
V. PARTICLE PRODUCTION
There are two characteristic lengths which are crucial in beam dump experiments. The first is the decay length of the new particle in the lab frame,
where Γ φ = Γ(φ → e + e − ) + Γ(φ → photons), see Eqs. (2,3,5,6). The new particle, after production, must decay after going through the target and shielding and before going through the detector in order to be observed. If the target is thick (much greater than a radiation length), most of the new particles will be produced in the first few radiation lengths.
The production rate is approximately proportional to the probability e
where L sh is length of the target and shield and L dec is length for the new particle to decay into electron or photon pairs after the shield and before the detector.
The second characteristic length is the absorption length
where n e is the number density of the target electrons and σ abs is the cross section of absorption process. The leading process of absorption is
which is related to the 2 to 2 production process Eq. (15) via crossing symmetrys ↔ũ.
Since Eq. (20) is symmetric ins ↔ũ, the algebraic form of amplitude squared of absorption process is the same as Eq. (20) for spin-1 particles.
The cross section of the process (33) is
where θ γ is the angle between outgoing photon and incoming new particle. The new particle, after produced, must not be absorbed by the target and shield to be detected. If the target is thick (much greater than absorption length), the production rate will be approximately proportional to the probability e −L sh /λ .
The number of the new particles produced in terms of the cross section (without considering the absorption process) can be found in, e.g., Refs. [4, 5, 10] . Using the thick target approximation and including the absorption process, we find
where M is the mass of the target atom (aluminum); N e is the number of incident electrons;
X is the unit radiation length of the target; E 0 is the incoming electron beam energy,
where E cut is the measured energy cutoff depending on the detectors; x max , which is smaller but very close to 1 (x max can be approximated to be 1 − me E if the new particle and electron initial and final state are collinear); T = ρL sh /X where ρ is the density of the target; l φ is the decay length of the new particle in lab frame; λ is the absorption length of the new particle passing through the target and shield; I e , derived in Ref. [19] , is the energy distribution of the electrons after passing through a medium of t radiation length
where Γ is the gamma function and b = 4/3. For beam dump E137 which we take as our prototypical setup, E 0 = 20 GeV and E cut = 2 GeV; N e = 1.87 × 10 20 ; L sh = 179 m and
The experiment has a null result which translates to 95% C.L. of N φ to be 3 events.
VI. EXCLUSION PLOTS
In Fig. 6 , using Eq. (26), we show regions of coupling and mass excluded by the lack of a signal at E137 for different bosons. In the region where m φ > 2m e the exclusion plots are similar with each other, however, in the region where m φ < 2m e the exclusion plots are very different because the the decay widths for different bosons are fundamentally different.
In Figs. 7-9, using Eq. (26,27,30), we show the exclusion regions using the three different ways to calculate the differential cross section. Because of the exponential factor from decay and absorption lengths, the error in the exclusion plot due to making approximations to the cross section is smaller along the upper boundary, which is mainly determined by whether φ lives long enough to make it to the detector. With the WW approximation, the 100% error in cross section causes an error of less than 20% along the lower boundary, and in a log-log plot across several scales, a 20% error is almost indistinguishable by eyesight. On the other hand, with the IWW approximation, the difference is clearly visible when m φ 100
MeV. In the region where m φ > 2m e , the relative errors of the exclusion plots boundary for different bosons are similar based on the same reason which causes the similar relative In Fig. 6 , we see that the absorption process, Eq. (33), cuts off the exclusion plot around
where the coupling of φ to electrons is of same order of the electromagnetic coupling. Therefore, in this region, there is another significant process to consider for beam dump experiments. This is the trapping process due to the rescattering
The trapping process is expected to be as important as the absorption process in this example (new bosons and beam dump E137), and also cuts off the exclusion plot around ∼ O(1).
However, in Fig. 6 the region where ∼ O(1) has been excluded by other experiments, such as electron g − 2 [20, 21] and hydrogen Lamb shift [22] , which are discussed in Ref. [23] as well as astrophysical processes [3] . Therefore we do not include the trapping process, but it might be crucial for other experiments.
VII. DISCUSSION
In the region where m φ > 2m e , while the production amplitude, decay length, and the absorption length can differ in detail for particles with different quantum numbers, they are qualitatively similar. The approximations that we have examined deal with the phase space integral and coupling to electromagnetism of the target nucleus. Therefore, as we expected, the exclusion plots for different bosons are similar. On the other hand, where m φ < 2m e , the decay channels, which are very different for different bosons, result in very different exclusion regions. New results for vector decaying to 3 photons, Eq. (5), and axial-vector decaying to 4 photons, Eq. (6), are presented.
Including a coupling to the muon may change the situation for m φ > 2m µ [23] due to the opening of a new channel with typically a substantial partial width. A study of the production of vector particles in electron beam dumps that deals with some of the issues we have addressed can be found in Ref. [24] .
There are some other beam dump experiments using a Cherenkov detector, such as E141 [25] and Orsay [26] . Therefore, their exclusion plots do not extend to the region where m φ < 2m e . We show the results of the beam dump experiments E141 and Orsay for the scalar boson in Ref. [23] .
We need to consider the LPM effect [27] [28] [29] [30] which suppresses particle production cross section below a certain (produced particle) energy. For E137, this energy is about 12 MeV which is much smaller than the energy cutoff of the detector. Therefore we do not consider the LPM effect in our discussion. However, for other experiments (depending on the apparatus), the LPM effect may need to be taken into account.
In this work, we present a complete analysis of beam dump experiments. We show that a brute-force analytical calculation is possible. Software exists using Monte-Carlo simulations, such as MadGraph/MadEvent [31] as used in, e.g., [32] , that can calculate the cross section without using approximations. Our work can be used as a consistency check for Monte-Carlo simulations. We show that using the WW approximation can be trusted to an order of magnitude in cross sections and exclusion plots. Additionally our work allows us to understand the errors introduced by the various common approximations. In certain regions of parameter space different errors partially cancel against each other, leading to results that are accidentally sometimes more accurate than one might be expected. However, in our previous work, we illustrated with several pseudoexperiments that in the event of a nonzero signal, a complete calculation is necessary. This work could be useful given the possibility of future beam dump experiments or beam dump like experiments [33] . 
